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THE ORDERABILITY AND CLOSED IMAGES
OF SCATTERED SPACES

S. PURISCH

ABSTRACT. A (totally) orderable scattered space and a space homeomorphic to
a subspace of an ordinal space are characterized in terms of a neighborhood
subbase for each of their points plus what corresponds to a neighborhood base
for each of their non- Q-gaps. These generalize the characterizations in [P, ]
of an orderable compact scattered space and in [B] of a space homeomorphic
to a compact ordinal space. Generalizing a result in [M] it is shown that a
space is orderable and scattered iff it is the 2 to 1 image under a closed map
of a subspace of an ordinal space. In response to a question of Telgarsky [T] a
simple description is given of a closed map with discrete fibers from an orderable
scattered space onto an orderable perfect space. Maps that preserve length
conditions on a scattered space are touched upon.

1. INTRODUCTION

A space is scattered if each of its nonempty subsets has an isolated point,
and it is suborderable if it is embeddable in an orderable space.

In [P,] it was shown that a suborderable scattered space is orderable and
admits an orderable scattered compactification. Compact scattered spaces that
are orderable were characterized in [P, ]. Hence a scattered space is orderable
iff it admits an orderable scattered compactification. But a more intrinsic char-
acterization is desirable. The elimination here of the compactness condition in
[P, ] causes problems necessitating new terminology.

In this paper a sequence S is a copy of a cofinal subspace of a regular ordinal
T. A limit point p of S, where p ¢ S, corresponds to the point 7 under an
embedding SU{p} - 1+1.

The symbol “ <” often will be used simultaneously as the order relation on
a given ordered space as well as the order relation on the ordinals. However,
no ambiguity should arise.
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If an element p of an orderable space X 1is the limit of two disjoint closed
sequences in X — {p}, when is there an admissible order on X such that the
sequences are interlaced, i.e are on the same side of p? If X is compact, it
is necessary and sufficient for both sequences to have countable cardinality. In
general a new property is needed. (Also see Lemma 4.)

A point p in a space X satisfies the interlacing property if p is not the limit
of two disjoint closed sequences in X — {p} where either (1) the sequences are
of different cardinalities, or (2) one sequence is homeomorphic to a stationary
subset of an uncountable regular ordinal.

Note in an orderable space if a point is a limit of disjoint sequences .S and
T of the same uncountable cardinality 7, and S and T are interlaced with
respect to some admissible order where 7 is homeomorphic to a stationary
subset of 7, then SN T # &. Also note if a sequence is homeomorphic to a
stationary set, then no final segment is paracompact. This follows easily from
[EL].

In the induction proof of Theorem 1 in [P ] an admissible order is found
for some open set O as an extension of an order implied by the induction on
each member of a partition of O. This induction proceeds using the properties
given in the theorem for a neighborhood subbase of a point. Using this proof in
the noncompact case, it is possible that some nonconvergent sequence converges
in the order topology induced by the order found on O. So another property
is needed generalizing the conditions in Theorem 1 in [P | ] on a neighborhood
subbase at a point.

Let % ={I } _, be a decreasing nest of clopen sets in a space, T a regular
ordinal. ¥ has the ordering property if for each nonzero limit ordinal g < 7,

N,.< 8 I, has at most one boundary point i P where

(1) {Ié—intﬂdq} I : & < B} isaneighborhood base of ig in IO—intﬂKﬂ I.;
and
(2) i P satisfies the interlacing property in ) _ sl -

There 1s another problem in the induction procedure.

The length of a scattered space X, /(X), is the least ordinal a such that
the ath derived set, X'*, of X is empty. In [P , 1 {(X) is a nonlimit ordinal
A+ 1,and X is partitioned into a pairwise disjoint collection {OP: peX (“}
of clopen sets such that O, N X @ = {p} foreach pe X ) Then the induction
hypothesis is used to order each Op , and without loss of generality it is assumed
that [XW|=1.

For a noncompact scattered space of length a nonlimit ordinal, it may be
impossible to get such a partition. A space is strongly collectionwise Hausdorff
if for each closed discrete subspace Y , there is a discrete family of open sets
{Uy: y € Y} such that y € Uy. Every orderable space is strongly collectwise
Hausdorff. Let X be the space w, x (w,+ 1 +w'l‘) —{{a, B): a alimit ordinal,
B > w,} , where the product is Cartesian, and w? is w, with its order reversed.
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Now /(X) = w, + 1, but the points of X = {{a, wy): a a nonlimit ordinal}
cannot be separated by a discrete family of open sets. X is even hereditarily
collectionwise Hausdorff and satisfies conditions 2 and 3 of Theorem 1.

If the length o of a scattered space is a limit ordinal, the induction hypothesis
could be used if the space could be partitioned into pairwise disjoint clopen sets
each of length less than «. This is precisely the case for paracompact scattered
spaces (see [T]). In general as in [P, ], the space can be partitioned into a
pairwise disjoint collection of clopen sets each satisfying a paracompactness-like
property away from what corresponds to a special kind of end gap of an ordered
space. To use the induction hypothesis for ordering a member of this partition,
a property is needed for a “neighborhood base” of such a gap analogous to the
condition satisfied for a neighborhood subbase of a point.

Then in condition 3b of Theorem 1 in the next section, the nest is a neigh-
borhood base of a gap. The length restriction and ordering property on the nest
permits the induction to be performed. These gaps of a space X are actually
points of fX — X which are not in the closure in X of any closed discrete
subset of X, i.e., far points of X . The union of X and the set of these “gap
points” in X — X is a paracompact scattered space (which is v.X if X has no
closed discrete subset of measurable cardinality) satisfying condition 2, which
is enough to be orderable.

2. RESULTS

Theorem 1. A4 scattered space X is orderable iff

(1) X is strongly collectionwise Hausdorff ;

(2) for each nonisolated p € X there is a neighborhood subbase {L,} _ U
{R,}, < the union of two nests each with the ordering property, and

(3) for each clopen Y C X where [(Y) is a limit ordinal, Y = @
such that for each r

(a) I(0,)<I(Y), or

(b) in O, thereisanest {I } _. with the ordering property where
@ and 1(0, - 1)) <I(Y) forall a <.

reR Or

a<t Ia -

The proof is given after some preliminaries.

A left gap in an ordered space X is a nonempty clopen initial convex set
in X and has no maximum. A left gap is a left Q-gap [GHen] if it contains
a closed discrete subset cofinal in the gap. A right gap and right Q-gap are
defined analogously. The greatest ordered compactification bX of X [F] is
the compactification whose growth is order-isomorphic to the set of gaps of
X . Hence, to each left (right) gap 4 in X corresponds the gap point p, in
bX — X, which is the sup (inf) in bX of 4.

The following lemma considers the set S of “highest level” non- Q-gap points
of a scattered ordered space.

Lemma 1 [P,]. Let X be a scattered ordered space of length A, where A is a
limit ordinal. Let S be the set of all non-Q-gap points p, of X such that p,
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is a boundary point of A for each & < A. Then S is discrete and closed in
XUS.

In the proof of the theorem in [P, ] it was implied that the next lemma may
not be true.

Lemma 2. Let X be an ordered space and X* = XU{p:pebX - X and p is
a non-Q-gap point of X}. Then X* is paracompact.

Proof. In [GHen] it is shown that an ordered space is paracompact iff all its
gaps are Q-gaps. The same proof holds for a subspace of an ordered space. So
it is sufficient to show each point of bX — X which is a Q-gap point of X is
also a Q-gap point of X" . So let p be a Q-gap point of X . Then there is
a monotone sequence {x_} _, in X converging to p, where {x :a < 1} is
closed and discrete in X and 7 is a limit ordinal. By the definition of a Q-gap,
{x,: a < B} converges to a Q-gap point of X for each limit ordinal § < 7.
Hence {x_ :a < 7} is closed and discrete in X *. So p is a Q-gap point of
X",

The proof of the next lemma is simple.

Lemma 3. A sequence is homeomorphic to a stationary set iff it contains no
cofinal, discrete, closed subset.

The following generalizes the lemma in [P ].

Lemma 4. Let X be a scattered orderable space, and let p € X satisfy the
interlacing property. Then there is an admissible order on X with p as its first
point.

Proof. By [P, ] there is an admissible order < with respect to which X has
a first point. If p is the first point of X, we are done. Otherwise if p is not
an element of the closure of the initial open segment (—oo, p), then p has an

immediate predecessor p'. Let X, = (—oco, p'] and X, =[p, ).

Case 1. X has a last point. Then define a new order <" on X sothat < and
<’ have identical restrictions to X , and X,, and X, <x , - (Define 4 <'B
if a<'b forevery ac 4 and beB.)

Case 2. X has no last point. Since X, is scattered, it has an isolated point
g with an immediate predecessor ¢'. Let X,, = [p,¢'] and X,, = [¢, ).
Define <’ so that < and <’ have identical restrictions to X, and X,, and
X, <X, <X,

Then in each of the above cases <’ satisfies the lemma.

With respect to < if p is the last point of X, or p ¢ cl(p, o), then by
first reversing the order <, an analogous argument produces an order satisfying
the lemma.

Finally, suppose that {p} = cl(—oco, p)Ncl(p, oo). Then converging to p are

sequences S and T of the same cardinality closed in X —{p}, where § <p <
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T, and neither sequence is homeomorphic to a stationary set. Then by Lemma
3, S and T contain closed (in X — {p}), discrete, monotone subsequences
{s,}.<. and {2z}, _, respectively.

Case 1. 1 # w,. For each a < 7 let o' be the ath limit ordinal, S ={xe
Xisp<x<s, forall g < o' and for some y where o' <y < (a+1)'}, and
T,={x€eX:t,<x <ty forall B <o and for some y where o' <y <
(a + 1)'}. Then for all «, S, and T are clopen convex sets, S, has a first
but no last point, 7|, has no first point, S, and T, have neither a first nor last
point for o # 0, and {S :a < 1} U{T :a < 1} partitions X — {p}. Then
define a new order <’ on X so that forall a < 7, {p} <’ Sy <T,<'S, for
all > a;for a #0, < and <’ have identical restrictions to T,, S,, and
T ; and the restriction of < to S, is identical to the restriction of < to Sy
if T, has a last point, and is the reverse order of the restriction of < to S, if
T, has no last point.

Case2. 7= w,. Then we may assume the points of S and T are isolated. For
each n <wj let Sy={xeX:x<s}, S,,,=1Is,,5,,), [o={xeX:t,<
x}, and Tn+1 = (th ,t,]. Then S, and T, are clopen; So> Sn+l , and Tn+l
have first and last points; 7, has a first point; and {S,: n < w,}U{T,: n < w,}
partitions X — {p}. Define <’ on X sothat {p}<'T,, <'S <'T,, and <
and < have identical restrictions to S, and T,,.

Then in each of these cases <’ satisfies the lemma.

Proof of Theorem 1. For necessity every orderable space is strongly collection-
wise Hausdorfl. As in the proof of Theorem 1 in [P ], for a given admissible
order on X and each nonisolated p € X, there are decreasing clopen nests
{L,},c. of leftraysand {R_ } < of right rays whose union forms a neighbor-
hood subbase for p, and hence satisfies condition (2) of the theorem.

Now let Y be a clopen subset of X of length a limit ordinal A. By [P,]
Y is orderable. So fix an admissible order on Y. Let S be the set of highest
level non- Q-gap points of Y described in Lemma 1. The argument is similar
to and cleans up the proof of the theorem in [P,]. If § =0, the proof that
Y satisfies condition (3) follows the argument below for (—oo, Yp]. So assume
S # . Since SUY is strongly collectionwise Hausdorff and 0-dimensional, it
is the disjoint union of clopen subsets each containing one point of S. So we
may assume S = {u}, and u is an endpoint, say largest point, of SUY . (Note
no point of § is in both the closures of the points less than it and the points
greater than it.)

There is an increasing sequence {y_} _, of isolated points in Y converging
to u, where 7 is a regular ordinal. For each o < 7, let I, be the open interval
(¥,»>u). Then {1} satisfies the ordering propertyin Y,and N __ I =J.

a<T a<lt "o

For some oy <7, / ((ya0 » ¥,]) <4 forall o> a,. Otherwise for some cofinal
subset C of 7, /((y,, y{'l]) = A, where o is the immediate successor of « in
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C foreach a € C; thensince u isanon-Q-gapof Y, {y :a € C} must have
a boundary point p € Y;s0 p € YW = @, which is impossible. So without
loss os generality let a, = 0. Note I, ~1 = (y,,»,] for each a > 0. Then
{1,},<, in I, satisfies condition (3)(b).

Now let I be the ray (—oo, y,] and I" asin Lemma 2. So I” is paracom-
pact. For each o < 4 let &  be the collection of all maximal convex in X
subsets of 1 —I1'*), and for each C € &, let C' = cl,- C—((cl, C)~C). (Note
(cl, C) - C consists of at most two points) Then C’ is open and convex in
I'.Let € ={C': Ce€%}. Then |J,_, %, isan open cover of I". So it has
a locally ﬁnlte open refinement .# which — since Ind/* = 0 — can be chosen
to be a clopen partition of I*. Note for each F € &, [(FNnI) < A. Hence
since / isclopenin Y, Y =1, ® @ . (F NI). So condition (3) is satisfied.

The sufficiency proof, similar to the one for Theorem 1 in [P ], is by in-
duction on A = /(x). So assume the theorem holds for all scattered spaces of
length < 4.

If A is a nonlimit ordinal, X can be partitioned into clopen sets each con-
taining one point of X =1 since X is strongly collectionwise Hausdorff and
0O-dimensional. Then since by [P, ] every suborderable scattered space is or-
derable, without loss of generality let X *=1 be a singleton {g}. There is a
neighborhood subbase {L_} _ U{R_ } of g satisfying condition (2) in the
theorem.

For each f < 7 let L’B = Nae sLo—Lg- Since L;, is closed, it is strongly
collectionwise Hausdorff. Since L;, .1 is clopen, it satisfies condition (3) of
the theorem. Since for £ a limit ordinal L;, has at most one boundary point

a<T a<y

and X is O-dimensional, each relatively clopen subset C of L; has a clopen
neighborhood V in X, where C = Ly NV and /(V) = [(C). So L;? also
satisfies condition (3). Hence the induction hypothesis can be applied to L'

since / (L ) < A. The same is true for the analogously defined R forall g < y.

Now the sufficiency proof of Theorem 1 in [P ] can be used by applying
Lemma 4, and the fact that {L_} . and {R },_, satlsfy the ordering property.

Note the order constructed on X may only be an admissible suborder. (That
is, there is an order preserving imbedding of X with this order into an ordered
space. The points which may not have open interval neighborhood bases are
the nonboundary endpoints of the L; and R; .) However by [P, ] this is all
right.

Finally if A is a limit ordinal, then X = @, ; O, where for each r, O,
satisfies condition (3)(a) or (b). Fix r € R. If O, satisfies condition (3)(a),
then by the induction hypothesis it is orderable. If O, satisfies condition (3)(b),
then for each f < t let I =N,< s 1y — . Then using the argument of the
case where A is nonlimit, an admissible suborder is constructed on O, . Since
this can be done for every element of R, then by [P,] X is orderable
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Consider the following strengthening of the ordering property. Let ¥ =
{I},., be a decreasing nest of clopen sets in a space, t a regular ordinal. .#
has the ordinal property if for each nonzero limit ordinal g <1, (), sl —1g
contains at most one point | 5> where {I -1 g < B} is a neighborhood base
of i,.

Tfle ordinal property is a strengthening of Baker’s property D [B] and the
ordering property.

The next result generalizes Baker’s characterization [B] of compact ordinal
spaces.

Theorem 2. A scattered space X is homeomorphic to a subspace of an ordinal
space iff
(1) X is strongly collectionwise Hausdorff,
(2) for each nonisolated p € X there is a neighborhood base with the ordinal
property; and
(3) condition (3) of Theorem 1 with ordering property replaced by ordinal
property.

Proof. The necessity proof of Theorem 1 works here noticing that the nests
constructed in that proof satisfy the ordinal property, and here in the admissible
order on X no point should be the limit of a decreasing sequence. (Actually
the only reason for reordering X is that many of the concepts were defined
here only for ordered spaces.)

For sufficiency let X satisfy conditions (1), (2), and (3). Assume Theorem
2 holds for all scattered spaces of length < /(X) =A. Let & ={I } _ bea
collection of subsets of X with the ordinal property such that for all a < 7
[(I,- 1) < [(X). As in the proof of Theorem 1, I = Nacpl, — 1, satisfies
the induction hypothesis for each f < 7; so there is a well ordering < 5 of I;

under which I;g is a well-ordered GO space (i.e., there is an order preserving
map into an ordinal space), and for 8 a nonzero limit ordinal the boundary
point, if any, of I;, is the first point since it is isolated in I,'g. Define a well

order < on I, — ./, as follows: for each a < g <7, I, < Iy, and <

a<T "«
restricted to I; is <_ . Since ¥ has the ordinal property, I, -N, <1, isa
well-ordered GO space under <. That is, I, - N, <. I, is homeomorphic to

a subspace of an ordinal space. Moreover, if ¥ is a neighborhood base of a
nonisolated point p € X, then < can be extended to I, such that p is the last
point since ,_, I, = {p}.

Using this fact and noting the disjoint union of well-ordered GO spaces is
homeomorphic to a subspace of an ordinal space, the sufficiency proof here
exactly follows the pattern of the sufficiency proof of Theorem 1.

Example 1. There is an orderable scattered space which is not homeomorphic to
a subspace of an ordinal space even though each of its points has a neighborhood
base with the ordinal property.
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Let X be the lexicographic product w, x (w, + 1)*, where (wy + 1) is
w, + 1 with its order reversed. Since X is first countable, each of its points
has a neighborhood base with the ordinal property. As in the proof in [P ]
that the example in §2.1 is not orderable, there is no well order of X under
which X is a GO space. This follows from the pressing down lemma since
{{a, wp): a < w;} (wy the first point of (w,+ 1)*) is homeomorphic to the
stationary set , .

G. Moran [M] proved a Hausdorff space is compact, scattered, and orderable
iff it is the 2 to 1 continuous image of a compact ordinal space. Such a map is
a quotient map. In fact it is closed. There is a 2 to 1 Hausdorff quotient (but
not a closed map) of w(z) which has no isolated points: just identify points via
a 1 to 1 correspondence between isolated and nonisolated points. However, we
have the following

Theorem 3. A space is scattered and orderable iff it is the 2 to 1 image under a
closed map of a subspace of an ordinal space.

The proof is given after some lemmas.
Lemma 5 [KR | ]. The class of scattered spaces is invariant under perfect maps.

Lemma 6. Let f:p — X bea?tol, closed, onto map, where P is a subspace
of an ordinal space. Then there is a 2 to 1, closed, onto map g: P* — X' such
that g|lP=f,X cBX,and P"=PU{p:pebP—P and p is a non-Q-gap
point of P}.
Proof. In [GHen] it is shown that P* C BP. Let fg: BP — BX be the unique
extension of . f, where i: X — BX is the inclusion map. Let g = fﬂ|P* ,
and X' = g(P").

It is first shown that fﬂ is 2 to 1. Since P is normal and f is perfect, X
is normal. Hence, disjoint X-closed sets have disjoing closures in S.X .

Suppose fﬁ(pl) = fﬂ(pz) = fﬂ(p3) , where p,, p,, and p, are distinct points
in BP. Then there are mutually disjoint closed neighborhoods P, of p,, I =
1,2, 3. Hence f(PinP)nf(PjnP) # @ for any i # j since f is a closed
map. Let A = Pﬁf_'(f(P1 NP)N f(P,NP)). Then A4 isclosed in P, and
pyEclypA. So f(A)Nf(PynP) # . Therefore, for x € f(4)N f(P;NP) we

have |f_l(x)| > 2, which contradicts f being 2 to 1. Hence, fﬂ is2tol.

It will be shown that g is closed by showing j}_l fﬂ(P') = P*. Since f
is perfect, fﬂ(/}P — P) c BX — X (see [E, Theorem 3.7.15, p. 239]). Let

p € P* — P. So we need only show fﬂ_lfﬂ(p) cP.

Let {p,},., bea P-closed strictly increasing sequence (of course, there are
no infinite decreasing sets in a well-ordered set) converging to p, where 7 is
a regular ordinal. Consider the only nontrivial case where fﬂ_ : fﬂ (p)={p,q}
and p # q. Let N be a closed neighborhood in BP of g which misses
p. Let A be the first 7 elements of (the subspace of an ordinal space) N N



IMAGES OF SCATTERED SPACES 721

f_lf({pa: o < t}). Since f is a closed map, A is closed in P and ¢ =
sup,, 4 is a gap point of P. Since p is a non- Q-gap pointof P, {p :a <7}
contains no P closed, discrete, cofinal subset. Hence since f is closed and 2
to 1, A contains no P closed, discrete, cofinal subset. So there is no P closed,
discrete set cofinal in the P gap {p' € P:p' < ¢'}. Hence, ¢’ € P* — P and
f5(d") = f5(p). Since f; is2to 1 and ¢' # p, then ¢’ = g € P*. Therefore,
S5 ) P*.

Lemma 7. Let X be the image under a 2 to 1 closed map of a paracompact
subspace of an ordinal space. Then X is scattered and orderable.

Proof. X is scattered by Lemma 5. Assume this lemma is true for every scat-
tered space of length < /(X) = 4.

It will be shown that X satisfies Theorem 1. As the image under a closed
map of a paracompact space, X is paracompact. So X satisfies conditions (1)
and (by [T]) (3)(a) of Theorem 1. So we need only show X satisfies condition
(2).

If A is a limit ordinal, then by [T] X = @,.;O,, where for each r €
R, [(0,) < I(X); and so by the induction hypothesis O, is orderable. So X is
suborderable, and by [P,] X is orderable.

Now assume 4 is a nonlimit ordinal. By [T] X = €, O,, where for
each r € R, O, contains exactly one point of X @@= By [P, ] if each O, is
orderable, then X is orderable. So without loss of generality let X =0 - {x}.

By the induction hypothesis we need only show condition (2) of Theorem 1
is satisfied at x. Let f: P — X be a 2 to 1, closed, onto map where P is
a paracompact subset of an ordinal space. The proof is actually the proof of
Corollary 2 in [P ] with the following additions.

X 1is O-dimensional by [T] since it is paracompact and scattered. Since f is
closed, f(0) is a neighborhood of x for any neighborhood O of f "'(x) (see
[E, Theorem 1.4.12, p. 52]).

First suppose f'(x) is a singleton {0}. Then since f is closed and X
is O-dimensional, there is a closed increasing sequence {&.}ucy — 0 (assuming
6 € PV ; otherwise x is isolated), and for all « < o’ < 7 a clopen neighborhood
L, of x such that (£ ,d]D f _'(La) D (£, J] (these intervals being in P,
not the ordinal superspace).

Hence since {f _'(La)}a <; 18 a nested neighborhood base of J, {L_ }
a nested neighborhood base of x .

For a limit ordinal g < v if { } _ p does not converge in X, then using
the argument in the proof of Corollary 2 in [P, ] that ), _ s L, has at most
one boundary point, (1 . s L, has no boundary point since f is closed. (In
this and the next paragraph it might be helpful to note that since f is closed,
yeint(, ;L iff 7 (y) cint SN, 5 L,) = int, (&, . 61.)

So now let {¢ }, . g — &g Then f (€g) is the unique boundary point of
N.< pL,. Toshow that {L } _ satisfies the ordering property at f(& ﬂ) first

a<7t 1s
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note 1ntﬂa<ﬂ = ﬂa<ﬂ f(éﬂ) I (g, 01 —f(éﬂ) , and by construction
f f([éﬂ, d]) = [&;, J]; hence {L, - mtﬂa(/}L : & < B} is a neighborhood
base of f(&,) in L, —int(, 4L, since {f' (L, —int(,_,L,): &< B} isa
neighborhood base of f_lf(éﬂ) in f_l(L0 —int ﬂa<ﬂ L,). As in the proof in
Corollary 2 in [P, ], f (éﬂ) satisfies the interlacing property in (), _ s L, not-

ing that if f_ (f( éﬂ = {éﬂ ¢} and f(éﬂ) is the limit in ﬂa<ﬁL of a se-
quence T homeomorphic to a stationary set, then every closed cofinal subset of
(—o0, &) intersects f _I(T) . Therefore, condition (2) of Theorem 1 is satisfied
for f7'(x) a singleton.

If f _'(x) consists of two points, then analogously condition (2) of Theorem
1 is satisfied using the above additions to the proof of Corollary 2 in [P ]
replacing in that proof 0 and A by —oo .and oo respectively.

Proof of Theorem 3. For necessity let X be an orderable scattered space. By
[P,] X has an orderable scattered compactification sX . By [M] there is a
2 to l onto map f: A4 — sX, where A is a compact ordinal space. Then
f|f f_ (X) — X is a closed, onto, 2 to 1 map.

Smce by [P, ] every suborderable scattered space is orderable, sufficiency
follows from Lemmas 6 and 7.

Under what kind of maps is the length condition of a scattered range deter-
mined by its scattered domain?

For a point p in a scattered space P, the lengthof p, [(p), equals an ordinal
a if pe P - plth

Proposition. Let f: P — X be a closed onto map with discrete fibers such that
P and X are scattered. For each x € X, l(x) =sup{l(p):p € f_l(x)}.
Proof. Let x € X. Assume the lemma is true for all y € X where /(y) <
[(x) =

Let O be a neighborhood of f _l(x) . Since f is a closed map, there exists
a neighborhood N of x such that f _'(N) C O. Moreover, N can be chosen
such that N n x®¥ = {x}. For each a < 4, there exists y € N such that
/() = a. Hence, by the induction hypothesis sup{/(p): p € o)} = a.
Hence, sup{/(p):pe f~'(x)} > 1.

On the other hand, since f~'(x) is discrete, we have for any p € f _'(x)
a neighborhood OP such that O, nf_'(x) = {p} and 0p C f_l(N). So for
any g € O, - {p}, f(g) € N — {x}. Hence /(f(q)) < 4, and by the induction

hypothesis /(q) < A. Thus /{p) <4, and sup{/(p): p € f_l(x)} =1

Telgarsky asked [T] if the image under a closed map of scattered space must
be scattered. It is true if the domain has finite length. After constructing the fol-
lowing example this author discovered that the example is contained in [KR | ]
(Proposition 1.11 and Remark 1.12) using the c-process, a method of construct-
ing spaces defined in (KR , ]. However, the description here is quite simple, the
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construction using only standard concepts. It is also clear from the description
below that the domain and range are suborderable, a fact neither mentioned
nor apparent in [KR, ].

Example 2. There is a closed onto map with discrete fibers f: P — X where
P and X are suborderable (orderable with a more complex construction), P
is scattered, /(P) = w,, and X is perfect.

Let X, be ,+1—{a: a acountable limit ordinal} with an admissible order
under which 0 is its first and w, its last point. For all nonzero n € w, + 1
given the lexicographic product X, , let X, = {(x,),_, € Xg : there exist iy <n
such that X, =0 X # w, forall i <i,,and x; =0 forall i > i;}. Let
P=@P{X,:0<n<wy}, X= Xy > and for 0 < n < w, define f((x,)
(x,.),.«u0 , where x; =0 forall i>n and (x), ,€X,.

Informally for each nonzero n < w,, X, isobtained from X, by attaching
to each isolated p € X, an w, type sequence of isolated points converging to
p. X is the limit of this process.

Noting that each countable subset of X is closed, it is routing to show this
construction works.

The range can be made orderable by letting X, be a singelton and for each
nonzero n < @, obtaining X, , from X Dby attaching to each isolated p €
X, an w, type sequence and an w’l‘ type sequence of isolated points both
converging to p.

i<n) =

3. CONCLUSIONS

As implied in the introduction, Theorems 1 and 2 are simplified if the space
is paracompact. In particular conditions (1) and (3)(a) are satisfied. Nothing
weaker than paracompactness can eliminate condition (3).

If the space is first countable, condition (2) and the interlacing property at
each point are satisfied. (Note w, x (w, + 1) is scattered, first countable, and
strongly collectionwise Hausdorff. But it is not orderable.)

I. Juhasz asked if some condition weaker than compactness simplifies the
interlacing property. By Lemma 3 if X is countably compact, then the inter-
lacing property is that of [P ], namely no point p is the limit of two disjoint
sequences closed in X — {p}, one of which has uncountable cardinality. If
X is Lindelof, for the interlacing property we have no point p is the limit of
two disjoint sequences closed in X — {p}, one of which has cardinality greater
than w, oris homeomorphic to a stationary subset of @, . For X o-Lindelof,
a > w,, there are analogous ordinal restrictions on the interlacing property.

Note for the interlacing property these conditions need only be local. More-
over by [T] if a paracompact scattered space X satisfies a condition locally,
then X is a disjoint union of clopen sets each satisfying the condition.

Question 1. For an ordered space X is X~ (described in Lemma 2) the union
of X and the set of its far points in v X ?



724 S. PURISCH

Question 2. Is there a “nice” necessary condition for Theorem 1 implying con-
ditions (2) and (3)?

A T, space X is monotonically normal [Heal.Z] if to each pair (U, x) with
U open C X and x € U, there is an open set U, such that (i) xe U, c U,
and (i1) if UnV,#0,then xeV or yeU.

Every orderable space is monotonically normal. However the next example
shows that monotone normality is not the nice condition sought above. This
example also illustrates that condition (1) of the ordering property is needed in
the theorem as stated.

Example. Consider the cartesian product w, x (w,+ 1). Let
Y = (w, x (v, + 1)U {p}

be its one point compactification. Let X = Y — {{a, n): @ a limit ordinal,
neEw}.

X satisfies conditions (1) and (3) of Theorem 1 (in fact X is paracompact),
and p has a neighborhood base satisfying all but condition (1) of the ordering
property. (All other points satisfy condition (2) of the theorem.)

Although @, x (w,+ 1) is not monotonically normal, X is. To see this first
note (w, X {w,})U{p} is homeomorphic to w, + 1. So for each pair (g, U)
with U relatively open C (w, x {w,}) U {p} and g € U, let U, satisfy the
conditions given in the definition of monotone normality.

Solet V open C X and x € V. We define V.

For x = (a, n) where n € w,, x is isolated. So define V, = {x}.

For x = (a, w,), there exists { < a and n < w, such that ([, a] x
[n, w]) N X is open in X and contained in V. Let V, = (V' N[¢, a]), X
[n, )N X. Vp is defined analogously (where now n =0).

Question 3. In Theorems 1 and 2 can the length restrictions in condition (3)(b)
be eliminated?

Question 4. For Theorem 1 is it possible that condition (1) of the ordering
property can be replaced by the following weaker condition? Let % =
{ﬂa<ﬂ I, —1,:0< B < t}. Then for each p € X there is a neighborhood
base of p each member of which contains every member of {B: B € &% and
p ¢ B} which it intersects. (So for B' C.% and any two sets C and D each
consisting of one point from each member of &', C and D have the same
accumulation points.)

Using the argument in [P | ] with the type of modifications used in the proof
of Theorem 1 in this paper, we prove the analogue of Theorem 2 in [P | ], where
in place of condition (2) of that result we have the following. There is no subset
Y of X such that Y = {J, ¢ X, where: the X ’s are pairwise disjoint; S is
a stationary subset of some ordinal; for each s € §, X, = 4 U {p,} U B,
where A4, and B, are disjoint sequences closed in Y — {p } and converging to
p,, and either A, and B, have the same cardinality or B, is homeomorphic
to a stationary set, and a basic neighborhood of p_ is the union of a basic
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neighborhood of p; in X with J{X,:a < ¢ <5, and ¢ € S} for some
a<s;and {p} ¢ is homeomorphic to §.

(See Example 2.1 minus the point p in [P ]. Letting 7, > w, corrects a
misprint there.)
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(EL]

[F]
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